Fuel Cells are electrochemical devices that convert the chemical energy of a gaseous fuel directly into electricity. They are widely regarded as a potential future stationary and mobile power source. The response of a fuel cell system depends on the air and hydrogen feed, flow and pressure regulation, and heat and water management. In this paper, we develop a dynamic model suitable for the control study of fuel cell systems.
Introduction
Fuel cell stack systems are under intensive development for mobile and stationary power applications. In particular, Proton Exchange Membrane (PEM) Fuel Cells (also known as Polymer Electrolyte Membrane Fuel Cells) are currently in a relatively more mature stage for ground vehicle applications. Recent announcements of GM "AUTOnomy" concept and federal program "FreedomCAR" are examples of major interest from both the government and automobile manufacturers regarding this alternative energy conversion concept.
To compete with existing internal combustion engines, fuel cell systems must operate at similar levels of performance. Transient behavior is one of the key requirements for the success of fuel cell vehicles. Efficient fuel cell system power production depends on proper air and hydrogen feed, and heat and water management. During transients, the fuel cell stack breathing control system is required to maintain proper temperature, membrane hydration, and partial pressure of the reactants across the membrane to avoid degradation of the stack voltage, and to maintain high efficiency and long stack life [1] . Creating a control-membrane humidity on the fuel cell voltage, which is necessary for control development during transient operation.
The current status of the fuel cell industry and research is highly secretive. Therefore, we are not able to obtain test data to completely verify our model. The main contribution of this paper is thus in compiling the scattered information in the literature, and constructing a model template to reflect the state of the art. The obtained model is useful in showing the behavior of fuel cell systems qualitatively, rather than quantitatively. 
Nomenclature

Fuel Cell Propulsion System for Automobiles
A fuel cell stack needs to be integrated with several auxiliary components to form a complete fuel cell system.
The diagram in Figure 1 shows an example fuel cell system. The fuel cell stack is augmented by four auxiliary systems: (i) hydrogen supply system, (ii) air supply system, (iii) cooling system, and (iv) humidification system.
In Figure 1 , we assume that a compressed hydrogen tank is used. The control of hydrogen flow is thus achieved simply by controlling the hydrogen supply valve to reach the desired flow or pressure. The air is assumed to be supplied by an air compressor, which is used to increase the power density of the overall system. Figure 1 shows an external humidification system for both anode and cathode gases. PEM fuel cells without any external humidification have also been studied (e.g., [4] ). Special membranes can be used in "self-humidification" designs [17] . In contrast to these other methods, external humidification usually provides higher authority and better performance, albeit at higher system complexity and cost.
Figure 1 Automotive fuel cell propulsion system
The power of the fuel cell stack is a function of the current drawn from the stack and the resulting stack voltage. The cell voltage is a function of the stack current, reactant partial pressure inside each cell, cell temperature and membrane humidity. In this paper, we assume that the stack is well designed so that all cells perform similarly and can be lumped as a stack. For example, all the cell temperatures are identical, and thus we only need to keep track of the stack temperature; if starvation or membrane dehydration exists, it occurs simultaneously in every cell and thus all cells are represented by the same set of polarization curves. This assumption of invariable cell-to-cell performance is necessary for low-order system models.
As electric current is drawn from the stack, oxygen and hydrogen are consumed, and water and heat are generated. To maintain the desired hydrogen partial pressure, the hydrogen needs to be replenished by its supply system, which includes the pressurized hydrogen tank and a supply servo valve. Similarly, the air supply system needs to replenish the air to maintain the oxygen partial pressure. The air supply system consists of an air compressor, an electric motor and pipes or manifolds between the components. The compressor not only achieves desired air flow but also increases air pressure which significantly improves the DS-03-1099 Author: Peng, H.
reaction rate at the membranes, and thus the overall efficiency and power density. Since the pressurized air flow leaving the compressor is at a higher temperature, an air cooler may be needed to reduce the temperature of the air entering the stack. A humidifier is used to prevent dehydration of the fuel cell membrane. The water used in the humidifier is supplied from the water tank. Water level in the tank is maintained by collecting water generated in the stack, which is carried out with the air flow. The excessive heat released in the fuel cell reaction is removed by the cooling system, which circulates de-ionized water through the fuel cell stack and removes the excess heat via a heat exchanger. Power conditioning is usually needed since the voltage of fuel cell stack varies significantly.
Fuel Cell System Model
In this paper, we will not present a model that includes all sub-systems shown in Figure 1 . Rather, the problem is simplified by assuming that the stack temperature is constant. This assumption is justified because the stack temperature changes relatively slowly, compared with the ~100ms transient dynamics included in the model to be developed. Additionally, it is also assumed that the temperature and humidity of the inlet reactant flows are perfectly controlled, e.g., by well designed humidity and cooling sub-systems.
The system studied in this paper is shown in Figure 2 . It is assumed that the cathode and anode volumes of the multiple fuel cells are lumped as a single stack cathode and anode volumes. The anode supply and return manifold volumes are small, which allows us to lump these volumes to one "anode" volume. We denote all the variables associated with the lumped anode volume with a subscript (an). The cathode supply manifold (sm) lumps all the volumes associated with pipes and connection between the compressor and the stack cathode (ca) flow field. The cathode return manifold (rm) represents the lumped volume of pipes downstream of the stack cathode. In this paper, an expander is not included; however, one will be added in future models. It is assumed that the properties of the flow exiting a volume are the same as those of the gas inside the volume. Subscripts (cp) and (cm) denote variables associated with the compressor and compressor motor, respectively.
The rotational dynamics and a flow map are used to model the compressor. The law of conservation of mass is used to track the gas species in each volume. The principle of mass conservation is applied to calculate the properties of the combined gas in the supply and return manifolds. The law of conservation of energy is applied to the air in the supply manifold to account for the effect of temperature variations. The model is developed primarily based on physics. However, several phenomena are described in empirical equations. In the following sections, models for the fuel cell stack, compressor, manifolds, air cooler and humidifier are presented. 
The fuel cell voltage is calculated using a combination of physical and empirical relationships, and is given by [18] 
where the fuel cell temperature fc T is expressed in Kelvin, and reactant partial pressures The activation overvoltage, , arises from the need to move electrons and to break and form chemical bonds at the anode and cathode [19] . The relationship between the activation overvoltage and the current density is described by the Tafel equation, which is approximated by
The activation overvoltage depends on temperature and oxygen partial pressure [3, 20] . The values of , and and their dependency on oxygen partial pressure and temperature can be determined from nonlinear regression of experimental data. 
The resistance, ohm R , depends strongly on membrane humidity [21] and cell temperature [22] . The ohmic resistance is proportional to membrane thickness t and inversely proportional to the membrane conductivity, [6, 23] , i.e., 
where the value of t , and b for the Nafion 117 membrane [6] are used, and b is adjusted to fit our fuel cell data. The calculation of
λ is given in Section 4.1.4. Its value varies between 0 and 14 [6] , which correspond to relative humidity (RH) of 0% and 100%, respectively.
The concentration overvoltage, , results from the increased loss at high current density, e.g., a significant drop in reactant concentration due to both high reactant consumption and head loss at high flow rate. This conc v term is ignored in some models, e.g. [24] , perhaps because it is not desirable to operate the stack at regions where is high (efficiency is low). If the stack will operate at high current density, however, this term needs to be included. An equation to approximate the concentration losses is given by [2] 
where , and i are constants that depend on temperature and reactant partial pressure and can be determined empirically.
max
The coefficients in Equations (3) and (7) are determined using nonlinear regression with polarization data from an automotive propulsion-sized PEM fuel cell stack [1] . By assuming that the data is obtained from the fuel cell stack operating under a well-controlled environment, where cathode gas is fully humidified and oxygen excess ratio (ratio of oxygen supplied to oxygen reacted) is regulated at 2, the pressure terms in the activation and concentration overvoltage terms can be related to oxygen partial pressure, 
The predicted voltage and experimental data for T 80 fc C =°1 00 C° and various cathode pressure is shown in Figure   4 . Results at other temperatures (between and ) all have similar accuracy. Based on the stack model developed above, the effect of membrane water content on cell voltage is illustrated in Figure 5 , which shows fuel cell polarization curves for a membrane water content at 100% and 50%. The model predicts significant reduction in fuel cell voltage due to change in the membrane water content, which illustrates the importance of humidity control. It should be noted that over-saturated (flooding) conditions will cause condensation and liquid formation inside the anode or the cathode, which leads to voltage degradation [25] .
This effect is currently not captured in our model. Note also that the coefficients in Equation (8) are derived from experimental data for a specific stack. To model a different stack, the same basis functions (2)-(7) may be used but the coefficients need to be determined using data from the new stack. 
Cathode Flow Model
This model captures the cathode air flow behavior, and is developed using the mass conservation principle and the thermodynamic and psychrometric properties of air. Several assumptions are made: (1) All gases obey the ideal gas law; (2) The temperature of the air inside the cathode is equal to the stack temperature; (3) The properties of the flow exiting the cathode such as temperature, pressure, and humidity are assumed to be the same as those inside the cathode; (4) When the relative humidity of the gas exceeds 100%, vapor condenses into the liquid form. The liquid water does not leave the stack and will either evaporate when the humidity drops below 100% or accumulate in the cathode; (5) finally, the flow channel and cathode backing layer are lumped into one volume, i.e. the spatial variations are ignored. The mass continuity is used to balance the mass of the three elements − oxygen, nitrogen and water, inside the cathode volume. The inlet (in) and outlet (out) mass flow rate of oxygen, nitrogen and vapor in Equation (9) 
where F is the Faraday Constant (=96485 Coulombs) and 
Membrane Hydration Model
The membrane hydration model captures the effect of water transport across the membrane. Both water content and mass flow are assumed to be uniform over the surface area of the membrane, and are functions of stack current and relative humidity of the gas in the anode and cathode.
The water transport across the membrane is achieved through two distinct phenomena [6, 23] . First, the electro-osmotic drag phenomenon is due to the water molecules dragged across the membrane from anode to cathode by the protons. The amount of water transported is proportional to the electro-osmotic drag coefficient, , which is defined as the number of water molecules carried by each proton. Secondly, the gradient of water concentration across the membrane results in "back-diffusion" of water, usually from cathode to anode. The water concentration, , is assumed to change linearly over the membrane thickness,
. Combining the two water transport mechanisms, the water flow across the membrane from anode to cathode is 
The electro-osmotic and diffusion coefficients are calculated from [26] 
where (19) weight. These equations are developed based on experimental results measured for Nafion 117 membrane in [6] . During the last decade, PEM membranes have evolved tremendously and the empirical equations (16) 
where γ is the ratio of the specific heats of air (= 1. [27] , which represents the compressor data very well as shown in Figure 7 . The compressor model used here is for an Allied Signal compressor [28] . Thermodynamic equations are used to calculate the exit air temperature.
Supply Manifold Model
The 
Static Air Cooler Model
The air temperature leaving the compressor is usually high due to the increased pressure. To prevent the fuel cell membrane from damaging, the air may need to be cooled down before it is sent to the stack. In this study, we assume that an ideal air cooler (CL) maintains the temperature of the air entering the stack at 
Static Hum difier Model i
Since we assume that the inlet air is humidified to the desired relative humidity before entering the stack, a static humidifier model is needed to calculate the required water that needs to be injected into the air.
Additionally, the model also determines the changes in total flow rate and pressure due to the added water.
The temperature of the flow is assumed constant. The water injected is assumed to be in the form of vapor. 
Return Manifold Model
Unlike the supply manifold, where temperature changes need to be considered, the temperature in the return manifold, T , is assumed constant and equal to the temperature of the flow leaving the cathode. The return manifold pressure, rm p , is governed by the mass conservation and the ideal gas law through isothermal assumptions.
, , ( rm a rm ca out rm out rm dp
The nonlinear nozzle equations (A2)-(A3) are used to calculate the return manifold exit air flow rate, W , as a function of the return manifold pressure and back-pressure valve opening area, .
Hydrogen Flow
Since pressurized hydrogen is used, the anode hydrogen flow can be regulated by a servo valve to achieve very high loop bandwidth. The goal of the hydrogen flow control is to minimize the pressure difference across the membrane, i.e., the difference between anode and cathode pressures. Since the valve is fast, it is assumed that the flow rate of hydrogen can be directly controlled based on the feedback of the pressure difference.
( )
where kg/s kPa K is the proportional gain and 2 0.94 K = takes into account a nominal pressure drop between the supply manifold and the cathode. A purge valve is commonly installed at the anode exit to remove water droplets. The purge valve can be used to reduce the anode pressure quickly if necessary (e.g., when anode flow calculated from Equation (29) is negative).
Model Summary
The fuel cell system model developed above contains nine states. The compressor has one state: rotor speed.
The supply manifold has two states: air mass and air pressure. The return manifold has one state: air pressure.
The stack has five states: O 2 , N 2, and vapor masses in the cathode, and H 2 and vapor masses in the anode.
These states then determine the voltage output of the stack. Under the assumptions of a perfect humidifier and air cooler, and the use of proportional control of the hydrogen valve, the only inputs to the model are the stack current, st I , and the compressor motor voltage, v . The parameters used in the model are given in Table 1 . Most of the parameters are based on the 75 kW stacks used in the FORD P2000 fuel cell prototype vehicle [29] . The active area of the fuel cell is calculated from the peak power of the stack. The values of the volumes are approximated from the dimensions of the P2000 fuel cell system. 
Steady-State Analysis
The model we have developed will be used to conduct a few example analyses important to fuel cell system engineers. In this section, the optimal steady-state operating point for the air compressor is studied. The net power of the fuel cell system, , which is the difference between the power produced by the stack,
and the parasitic power, should be maximized. The majority of the parasitic power for an automotive fuel cell system is spent on the air compressor, thus, it is important to determine the proper air flow. The air flow excess is reflected by the term oxygen excess ratio, 
C°
During a positive current step, the oxygen excess ratio drops due to the depletion of oxygen (Figure 9 (e)), which causes a significant drop in the stack voltage ( Figure 9(c) ). When the compressor voltage is controlled by the feedforward algorithm, there is still a noticeable transient effect on the stack voltage ( Figure 9 (c)), and oxygen partial pressure at cathode exit ( Figure 9(f) ). The step at t 18 = seconds shows the response of giving a step increase in the compressor input while keeping constant stack current. An opposite case is shown at seconds. The response between 18 and 22 seconds shows the effect of running the system at an 22 t = excess ratio higher than the optimum value. It can be seen that even though the stack voltage (power) increases, the net power actually decreases due to the increased parasitic loss. Figure 9 Simulation results of the fuel cell system model for a series of input step changes Figure 10 Static feedforward using steady-state map Figure 11 shows the fuel cell response described above plotted on the polarization map. The results are qualitatively similar to the experimental results presented in [21] . The compressor response for this simulation is shown in Figure 12 . The plot shows that the compressor response does not follow the operating line (dashed line) during transient. It is also clear from Figure 12 that large and rapid reductions of the compressor voltage should be avoided as the compressor may be pushed into the surge (instability) region [30] . 
Observability Analysis
Simulation results in the previous section show that a static controller is not good enough in rejecting the adverse effect of disturbances (stack load current). The design of an advanced control algorithm is beyond the scope of this paper; however, we would like to present example analysis of the observability of different measurements, a critical step for multivariable control development. In this section, a linearized model will be used to study the system observability. Three measurements are investigated: compressor air flow rate, , supply manifold pressure, [31] . A large condition number of a matrix implies that the matrix is almost rank deficient, i.e., the corresponding eigenvalue is weakly observable. 
Conclusion
A control-oriented fuel cell system model has been developed using physical principles and stack polarization data. The inertia dynamics of the compressor, manifold filling dynamics and time-evolving reactant mass, humidity and partial pressure, and membrane water content are captured. This model has not been fully validated but it reflects extensive work to consolidate the open-literature information currently available.
Transient experimental data, once available, can be used to calibrate the model parameters such as membrane diffusion and osmotic drag coefficients to obtain a high fidelity model. Additionally, stack flooding effects needs to be integrated into the model. Examples of application of the current model on the analysis and simulation of fuel cell systems are provided-selection of optimal system excess ratio, transient effect of step inputs, and analysis of system observability. (1 )
The calculation of hydrogen and vapor flow rates into the anode is similar to that of the air into the cathode, and is simpler because the anode gas only contains hydrogen and vapor.
